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How can you design the Toronto road system so you can get
to your desired destination the fastest?

Model the situation using a Markov chain.
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How can you design the Toronto road system so you can get
to your desired destination the fastest?

Model the situation using a Markov chain.

Given the graph G whose vertices represent the states and
whose edges represent the possible changes, we define the
Markov chain such that no matter what vertex you are at,
you have an equal probability of transitioning to any of
the vertex's neighbors.
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How can you design the Toronto road system so you can get
to your desired destination the fastest?

Model the situation using a Markov chain.

Given the graph G whose vertices represent the states and
whose edges represent the possible changes, we define the
Markov chain such that no matter what vertex you are at,
you have an equal probability of transitioning to any of
the vertex's neighbors.

Look at the short-term behavior of the Markov chain to
figure out the expected time elapsed before you first reach
the state which represents the Fields Institute.
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Kemeny's Constant

Mean First Passage Time

The mean first passage time from i to j is the expected number of
time-steps elapsed before the system reaches state j, given that it
begins in state i. It is denoted by m; ;.
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Kemeny's Constant

Mean First Passage Time

The mean first passage time from i to j is the expected number of
time-steps elapsed before the system reaches state j, given that it
begins in state /. It is denoted by m; ;.

Preliminary Definition of Kemeny's Constant

Let T be the transition matrix for a Markov chain with n states,
with stationary vector w and mean first passage times m; ;. Define

p— n . ..
Ri = Zj:l,j;éi DRI
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Kemeny's Constant

Mean First Passage Time

The mean first passage time from i/ to j is the expected number of
time-steps elapsed before the system reaches state j, given that it
begins in state /. It is denoted by m; ;.

Preliminary Definition of Kemeny's Constant

Let T be the transition matrix for a Markov chain with n states,
with stationary vector w and mean first passage times m; ;. Define

— n . ..
Ri = Ej:l,j;éi VLR, -

This is a constant (it does not depend on the choice of /)!
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Extremal values of Kemeny's constant

Smallest and la ny's constants

m The smallest Kemeny's constant on n vertices is
K(Ky,)=n—2+ % corresponding to the complete graph.
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Extremal values of Kemeny's constant

Smallest and largest Kemeny's constants

m The smallest Kemeny's constant on n vertices is
K(Ky,)=n—2+ % corresponding to the complete graph.

m (conjecture) The maximal Kemeny's constant on n vertices is
K(G) = &;n® 4+ O(n?), corresponding to a "bridge" between
two complete subgraphs.
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A Graph Theory Interlude

Let G be an undirected connected simple graph on n vertices. Let
V(G) ={vi,..., s}, with corresponding degrees di, - - , dp.

Degree Matrix

d 0 0

0 o 0
D .= ;

0 0 d,

In other words, D = diag(d)
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A Graph Theory Interlude

Let G be an undirected connected simple graph on n vertices. Let
V(G) = {vi1,...,vn}, with corresponding degrees di,--- , d,.

Adjacency Matrix

We define the adjacency matrix A entry-wise as

A 1 if there is an edge between v; and v;
ijo=

0 otherwise

In particular, this matrix illustrates what vertices are connected to
each other. Notice also that d = A-1

Laplacian matrix

We define the Laplacian matrix L as L = D — A.
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Computing Kemeny's constant

Second Definition of K y's Constant

Suppose that G is a connected graph on n vertices and let

T = D~1A denote its transition matrix. Suppose that 1, \o..., \,
are the eigenvalues of T. Then we can (alternatively) define
Kemeny's constant of G as
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Computing Kemeny's constant

Second Definition of Kemeny's Constant

Suppose that G is a connected graph on n vertices and let

T = DA denote its transition matrix. Suppose that 1, \o..., \,
are the eigenvalues of T. Then we can (alternatively) define
Kemeny's constant of G as

1
K(G) = 271 —
j=2 /

The problem (part 2)

Kemeny's constant is much simpler to calculate for graphs that
are relatively regular (the degrees of the vertices are similar).
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Computing Kemeny's constant

Second Definition of Kemeny's Constant

Suppose that G is a connected graph on n vertices and let

T = D7'A denote its transition matrix. Suppose that 1, \>...,\,
are the eigenvalues of T. Then we can (alternatively) define
Kemeny's constant of G as

The problem (part 2)

Kemeny's constant is much simpler to calculate for graphs that
are relatively regular (the degrees of the vertices are similar).

But what happens when they are not?
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Threshold Graphs

Definition
A threshold graph is a graph that can be constructed from one
vertex by repeatedly adding an isolated vertex or a dominating
vertex. We can represent a threshold graph by a binary sequence
(b1,...,by) as follows:

m Start with a vertex vy.

m For / from 1 to n, if b; = 0 then we add an isolated vertex v;
to the graph. If b; = 1 then we add a dominating vertex v;,
that is, we add edges joining v; to each of vp,...,v; 1.

We require that b, = 1, so that the threshold graph is connected.
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Threshold Graph Example

Threshold graph corresponding to the code 0011101

For example, the construction sequence (0,0,1,1,1,0,1) represents
the following threshold graph.
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Threshold graph corresponding to the code 0011101

For example, the construction sequence (0,0,1,1,1,0,1) represents
the following threshold graph.
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Threshold graph corresponding to the code 0011101

For example, the construction sequence (0,0,1,1,1,0,1) represents
the following threshold graph.
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Threshold graph corresponding to the code 0011101

For example, the construction sequence (0,0,1,1,1,0,1) represents
the following threshold graph.
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Threshold Graph Example

Threshold graph corresponding to the code 0011101

For example, the construction sequence (0,0,1,1,1,0,1) represents
the following threshold graph.

V2

Vo
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Main Question

What threshold graph on n vertices maximizes Kemeny's
constant?
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A Pineapple!

The Threshold graph G generated by the code

C=01...1 0...0 1
———  N——

r times n—r—2 times

where r € {|v2n] — 2, |v/2n] — 1}, maximises Kemeny's constant
for a code of length n. These are called Pineapple Graphs!

V2
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A Pineapple!

The Threshold graph G generated by the code

C=01...1 0...0 1
o~ =

r times n—r—2 times

where r € {|v2n| — 2,|V/2n] — 1}, maximises Kemeny's constant
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A Pineapple!

Conjecture

The Threshold graph G generated by the code

C=01...1 0...0 1
o~ =

r times n—r—2 times

where r € {|v2n| — 2,|V/2n] — 1}, maximises Kemeny's constant
for a code of length n. These are called Pineapple Graphs!

Conjectured maximal value

From this code, we would obtain:

max K(G)=n+
IV(G)|=n

Random Walks on Threshold Graphs 10/30
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Our Approaches

Two main approaches:

Linear Algebra Approach
Combinatorial Approach

Random Walks on Threshold Graphs 11/30
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Commutativity of the Laplacians

Suppose that G; and Gy are threshold graphs on n vertices, and let
L1, Ly denote their respective Laplacians. Then we have that

Lily = Lol

Random Walks on Threshold Graphs 12/30
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Commutativity of the Laplacians

Suppose that G; and G, are threshold graphs on n vertices, and let
L1, L, denote their respective Laplacians. Then we have that

Lily = Ll

Corollary

There exists a unitary real orthogonal matrix U which
simultaneously diagonalizes the Laplacians of all Threshold graphs
on n vertices. Its columns are common eigenvectors of all these
Laplacians.

Random Walks on Threshold Graphs 12/30
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The U matrix

Structure and entries of U

The universal diagonalizing matrix U has a nice and useful
structure for computations of Kemeny's constant:

0 ifi+j>n+3
]_ . .
—= ifj=1

el U= " ifitj<n+l
V/(n+1—j)(n+2—)) =
—y/ = ifitj=n+2

Random Walks on Threshold Graphs 13/30
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Resulting expressions for Kemeny's Constant

Expression 1

Let G be a threshold graph with n vertices, m be the number of its
edges, d be its degree vector (ordered by the code), A\ be the vector
of eigenvalues of its Laplacian matrix (also ordered by the code), ¢
be the code vector, and let U be the unitary diagonalizing matrix.

Then:
,C(G 2mZ dek _[I_Ukl)

j<k

Random Walks on Threshold Graphs 14/30
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Resulting expressions for Kemeny's Constant

Additional definitions

For any n and 1 < j < n, we define the following vectors:

wi =024 . 2G-2) (G-1)-(G-12 0 ... 0
z =000 ...0, 1 .. 1},withj—1zeros

Expression 2 (directly from the code)

Let G be a threshold graph on n vertices. Then:

)(2m — w; - ¢)
Z2m JU-1)- (J <)

K(G)=n—-1-

172

Random Walks on Threshold Graphs 14/30
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The Flip Transformation

Flip Transformation

Let x; and x» be arbitrary binary sequences and suppose that C is
the code C = x;01x,1. Define the flip transformation as the
mapping

€= x101x01 — x110x01
The inverse transformation works in the expected way: if
C = x110xp, then the 10’ block becomes a ’01’.

Definition

A flip transformation is called a "Braess" flip if it decreases
Kemeny's constant.

Random Walks on Threshold Graphs 15/30
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Remaining Conjectures

We have the following asymptotic behavior of the extremal values
of Kemeny's constant:

i MAXVG)=nK(G) _ . miny6)=nK(9) _
n—o00 n n—oo n

Conjecture

Given a threshold graph G, there are no Braess flips at positions

9
(k, k +1) for k € (&3,22).

Random Walks on Threshold Graphs 16/30
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The F Matrix

Motivation

There is a combinatorial definition of Kemeny's constant that we
can use to approach the problem. First, we need to introduce the F
matrix.

Let G be a connected graph with vertices vy, ... v,.

Spanning 2-Forests

We say a pair of disjoint trees (T,,, ij) is a spanning 2-forest of G
if T,UT, spans G and v; € T, and v; € T,

Random Walks on Threshold Graphs 17/30
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The F Matrix

O®0000000000

Motivation

There is a combinatorial definition of Kemeny's constant that we
can use to approach the problem. First, we need to introduce the F
matrix.

Let G be a connected graph with vertices v, ... v,.

Spanning 2-Forests

We say a pair of disjoint trees (T, T,,) is a spanning 2-forest of G
if T,,UT, spans G and v; € T, and v; € T,

We can define the F matrix as F = (fi j)1<ij<n, Where:

fi j = # of spanning 2-forests separating i and j

Random Walks on Threshold Graphs 17/30
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Combinatorial Definition

Last formula for Kemeny's Constant (we promise)

Suppose G is a connected graph on n vertices, d is its degree
vector, and 7 is the number of spanning trees of G. Then we have

the formula: .
F
K(G) = d"Fd

Amt

Random Walks on Threshold Graphs 18/30
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Combinatorial Definition

Last formula for Kemeny's Constant (we promise)

Suppose G is a connected graph on n vertices, d is its degree
vector, and 7 is the number of spanning trees of G. Then we have
the formula: .

d'Fd
K(G) =

Amt

The Problem

The source of grief in this expression is the F matrix. The rest are
easily obtainable directly from the code, so not too difficult to work
with.

Random Walks on Threshold Graphs 18/30
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Theorem

Let G be a threshold graph, and let x, v, w € V(G) be 3 distinct
vertices. Then £, > £, <= d, < d,.

Example

Consider the threshold graph generated by the code 0110101

vV W

represents the following threshold graph. We have that f, , < fi
for all x ¢ {v,w}.

Random Walks on Threshold Graphs 19/30
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Consider the following spanning 2-forest separating v and x, where
v and w are in the same tree. We find an injective map to the set
of spanning 2-forests separating w and x.

Random Walks on Threshold Graphs 20/30
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Consider the following spanning 2-forest separating v and x, where
v and w are in the same tree. We find an injective map to the set
of spanning 2-forests separating w and x. It's the identity!
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The idea

Now, suppose that x and v are in different trees of the spanning
2-forest.

Random Walks on Threshold Graphs 22/30
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The idea

We construct an injective map to give us a 2-spanning forest that
separates w and x.
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The idea

We construct an injective map to give us a 2-spanning forest that
separates w and x.
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The idea

We construct an injective map that gives us a 2-spanning forest
that separates w and x.
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Total Ordering of F

Suppose that we have a code of the form C = 011" ...0%1% then
we have the following ordering for the rows of the F matrix: Let

i € V(G) and denote by S, = f;,, for v € 0%, v # i and

To = fiy, forvelle v #£i

Random Walks on Threshold Graphs 24/30
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Total Ordering of F

Suppose that we have a code of the form C = 0511% ...0%1% then
we have the following ordering for the rows of the F matrix: Let

i € V(G) and denote by S, = f;,, for v € 0%, v # i and

To =fiy, forvelte v#£i

Ordering Case 1:

0:ﬂ7;<Tk§Tk_1<Tk_2<...<T1§51<52<...<
Sa—1< S0 < Sar1 < ... < Sk

Random Walks on Threshold Graphs 24/30
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Total Ordering of F

Suppose that we have a code of the form C = 011" ... 0% 1% then
we have the following ordering for the rows of the F matrix: Let

i € V(G) and denote by S, = f;,, for v € 0%, v # i and

To =fiy, forvelt v#£i

Ordering Case 1:

O:ﬁ7;<Tk§Tk_1<Tk_2<...<T1§51<52<...<
Sa—1< S0 < Sar1 < ... < Sk
Ordering Case 2:

O0=f;i< T STh1 < Th2< - < Tag1 < Ty < Ty1 <
o< T <51 <SS <... <5
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The R Matrix

Now, given a graph G, we can consider the electrical circuit in
which each vertex of G is a node and each edge of G is a unit
resistor. From here, we can define the R matrix as

R; j = Equivalent resistance between vertices i and j

Random Walks on Threshold Graphs 25/30
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The R Matrix

Now, given a graph G, we can consider the electrical circuit in
which each vertex of G is a node and each edge of G is a unit
resistor. From here, we can define the R matrix as

R; j = Equivalent resistance between vertices i and j

Remark

Let 7 denote the total number of spanning trees of G. We have
that F = 7R.

Corollary

By ordering F, we also order R.

Random Walks on Threshold Graphs 25/30
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Explicit form of R

For a graph G with the Laplacian matrix L and the resistance
matrix R, we have:

Rij=(ei— &) L(ei — &)

Theorem

This allows us to directly compute R from the code using the U

matrix:
n

1
Rix = Z y(Uj,i — Uk,i)?
=2

Random Walks on Threshold Graphs 26/30
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Corollaries

We define the moment of a vertex v in a graph G as

IU(G, V) = dTRe,- = Z dej,i
J

where d is the degree matrix and R is the resistance matrix.

Corollary: Ordering of the Moments

For the code C = 0511110%21% ... 0% 1%, we have the following
ordering of the moments:

1(G,0%) > u(G,0%1) > ... > u(G,0%)
> u(G,1%) > u(G,1%2)... > p(G,1%)

Random Walks on Threshold Graphs 27/30
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Corollaries

Accessibility Index

The accessibility index can be defined as

a(G,v) = u(G,v) — K(G)

Corollary: Ordering of Accessibility Indices

a(G,v) > a(G,w) <= u(G,v) > u(G,w) < d, < dy,

Random Walks on Threshold Graphs 27/30
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Corollaries

Commute Times

We define the commute time as the expected length of a walk that
starts at vertex i goes through vertex j and returns to vertex i. We
denote this matrix as C.

Corollary: Ordering the Commute Times

Let G be a threshold graph and let v, w, r € V(G) be 3 distinct
vertices. Then we have:

Cv,w > Cv,r <~ dw < dr

Random Walks on Threshold Graphs 27/30
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Fruit for Thought

Summary

Kemeny's constant is difficult to work with. We suspect the
maximizing graph for a given n is a pineapple graph with
approximately v/2n ones. We have developed combinatorial and
linear algebra tools to examine these extremal cases.
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