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Motivation

The problem

You are an exceptionally bad driver. You want to go to the Fields
Institute, but you don’t know how to get there, and you don’t know
how to use Google Maps.
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How can you design the Toronto road system so you can get
to your desired destination the fastest?
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How can you design the Toronto road system so you can get
to your desired destination the fastest?

The idea

Model the situation using a Markov chain.
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How can you design the Toronto road system so you can get
to your desired destination the fastest?

The idea

Model the situation using a Markov chain.
Given the graphG whose vertices represent the states and
whose edges represent the possible changes, we de�ne the
Markov chain such that no matter what vertex you are at,
you have an equal probability of transitioning to any of
the vertex's neighbors.
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How can you design the Toronto road system so you can get
to your desired destination the fastest?

The idea

Model the situation using a Markov chain.
Given the graphG whose vertices represent the states and
whose edges represent the possible changes, we de�ne the
Markov chain such that no matter what vertex you are at,
you have an equal probability of transitioning to any of
the vertex's neighbors.
Look at the short-term behavior of the Markov chain to
�gure out the expected time elapsed before you �rst reach
the state which represents the Fields Institute.
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Kemeny's Constant

Mean First Passage Time

The mean �rst passage time fromi to j is the expected number of
time-steps elapsed before the system reaches statej , given that it
begins in statei . It is denoted bymi ;j .
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Kemeny's Constant

Mean First Passage Time

The mean �rst passage time fromi to j is the expected number of
time-steps elapsed before the system reaches statej , given that it
begins in statei . It is denoted bymi ;j .

Preliminary De�nition of Kemeny's Constant

Let T be the transition matrix for a Markov chain withn states,
with stationary vectorw and mean �rst passage timesmi ;j . De�ne
� i =

P n
j = 1;j 6= i wj mi ;j .
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Kemeny's Constant

Mean First Passage Time

The mean �rst passage time fromi to j is the expected number of
time-steps elapsed before the system reaches statej , given that it
begins in statei . It is denoted bymi ;j .

Preliminary De�nition of Kemeny's Constant

Let T be the transition matrix for a Markov chain withn states,
with stationary vectorw and mean �rst passage timesmi ;j . De�ne
� i =

P n
j = 1;j 6= i wj mi ;j .

This is a constant (it does not depend on the choice ofi )!
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Extremal values of Kemeny's constant

Smallest and largest Kemeny's constants

The smallest Kemeny's constant onn vertices is
K(Kn) = n � 2 + 1

n , corresponding to the complete graph.
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Extremal values of Kemeny's constant

Smallest and largest Kemeny's constants

The smallest Kemeny's constant onn vertices is
K(Kn) = n � 2 + 1

n , corresponding to the complete graph.

(conjecture) The maximal Kemeny's constant onn vertices is
K(G) = 1

54n3 + O(n2), corresponding to a "bridge" between
two complete subgraphs.
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A Graph Theory Interlude

Let G be an undirected connected simple graph onn vertices. Let
V (G) = f v1; : : : ; vng, with corresponding degreesd1; � � � ; dn:

Degree Matrix

D :=

0

B
B
B
@

d1 0 : : : 0
0 d2 : : : 0
...

...
. . .

...
0 0 : : : dn

1

C
C
C
A

In other words,D = diag(d)
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A Graph Theory Interlude

Let G be an undirected connected simple graph onn vertices. Let
V (G) = f v1; : : : ; vng, with corresponding degreesd1; � � � ; dn:

Adjacency Matrix

We de�ne the adjacency matrixA entry-wise as

Ai ;j :=

(
1 if there is an edge betweenvi and vj

0 otherwise

In particular, this matrix illustrates what vertices are connected to
each other. Notice also thatd = A � 1

Laplacian matrix

We de�ne the Laplacian matrixL asL = D � A.
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Computing Kemeny's constant

Second De�nition of Kemeny's Constant

Suppose thatG is a connected graph onn vertices and let
T = D � 1A denote its transition matrix. Suppose that 1; � 2 : : : ; � n

are the eigenvalues ofT . Then we can (alternatively) de�ne
Kemeny's constant ofG as

K(G) =
nX

j = 2

1
1 � � j
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Computing Kemeny's constant

Second De�nition of Kemeny's Constant

Suppose thatG is a connected graph onn vertices and let
T = D � 1A denote its transition matrix. Suppose that 1; � 2 : : : ; � n

are the eigenvalues ofT . Then we can (alternatively) de�ne
Kemeny's constant ofG as

K(G) =
nX

j = 2

1
1 � � j

The problem (part 2)

Kemeny's constant is much simpler to calculate for graphs that
are relatively regular (the degrees of the vertices are similar).
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Computing Kemeny's constant

Second De�nition of Kemeny's Constant

Suppose thatG is a connected graph onn vertices and let
T = D � 1A denote its transition matrix. Suppose that 1; � 2 : : : ; � n

are the eigenvalues ofT . Then we can (alternatively) de�ne
Kemeny's constant ofG as

K(G) =
nX

j = 2

1
1 � � j

The problem (part 2)

Kemeny's constant is much simpler to calculate for graphs that
are relatively regular (the degrees of the vertices are similar).

But what happens when they are not?
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Threshold Graphs

De�nition
A threshold graphis a graph that can be constructed from one
vertex by repeatedly adding an isolated vertex or a dominating
vertex. We can represent a threshold graph by a binary sequence
(b1; : : : ; bn) as follows:

Start with a vertexv0.

For i from 1 to n, if bi = 0 then we add an isolated vertexvi

to the graph. Ifbi = 1 then we add a dominating vertexvi ,
that is, we add edges joiningvi to each ofv0; : : : ; vi � 1.

We require thatbn = 1, so that the threshold graph is connected.
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Threshold Graph Example

Threshold graph corresponding to the code 0011101

For example, the construction sequence(0; 0; 1; 1; 1; 0; 1) represents
the following threshold graph.
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Threshold Graph Example

Threshold graph corresponding to the code 0011101

For example, the construction sequence(0; 0; 1; 1; 1; 0; 1) represents
the following threshold graph.

v0
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Threshold Graph Example

Threshold graph corresponding to the code 0011101

For example, the construction sequence(0; 0; 1; 1; 1; 0; 1) represents
the following threshold graph.

v0

v1
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Threshold Graph Example

Threshold graph corresponding to the code 0011101

For example, the construction sequence(0; 0; 1; 1; 1; 0; 1) represents
the following threshold graph.

v0

v1

v2
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Threshold Graph Example

Threshold graph corresponding to the code 0011101

For example, the construction sequence(0; 0; 1; 1; 1; 0; 1) represents
the following threshold graph.

v0

v1

v2

v3
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Threshold Graph Example

Threshold graph corresponding to the code 0011101

For example, the construction sequence(0; 0; 1; 1; 1; 0; 1) represents
the following threshold graph.

v0

v1

v2

v3

v4
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Threshold Graph Example

Threshold graph corresponding to the code 0011101

For example, the construction sequence(0; 0; 1; 1; 1; 0; 1) represents
the following threshold graph.

v0

v1

v2

v3

v4 v5
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Threshold Graph Example

Threshold graph corresponding to the code 0011101

For example, the construction sequence(0; 0; 1; 1; 1; 0; 1) represents
the following threshold graph.

v0

v1

v2

v3

v4 v5 v6
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Main Question

What threshold graph onn vertices maximizes Kemeny's
constant?
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A Pineapple!

Conjecture

The Threshold graphG generated by the code

C = 0 1: : : 1| {z }
r times

0: : : 0| {z }
n� r � 2 times

1

wherer 2 fb
p

2nc � 2; b
p

2nc � 1g, maximises Kemeny's constant
for a code of lengthn. These are calledPineapple Graphs!
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